Abstract. Nonlinear boundary value problems (NBVPs in abbreviation) with parameters are called parametrized nonlinear boundary value problems. This paper studies numerical verification of solutions of parametrized NBVPs defined on one-dimensional bounded intervals. Around turning points the original problem is extended so that the extented problem has an invertible Fr\'echet derivative. Then, the usual procedure of numerical verification of solutions can be applied to the extended problem. A numerical examples is given.
Introduction.
For the past several years a theory for numerical verification of solutions of differential equations has been developed [N1-5] . By the theory the existence of exact solutions of differential equations are verified on computers by certain procedures in finite steps. is a given smooth function. Since (1.1) has the parameter $\lambda$ , the set of the solutions of (1.1) would form one dimensional curves. There, however, may exist singular points on the curves. For example, a solution curve might fold (the folding point is call a turning point), or several solution curves might intersect at one point (the intersecting point is called a bifurcation point). In this paper we consider the case of turning points.
Let $(\lambda, u)$ be a solution of (1.1). The above singularities occur when the following eigenvalue problem has the eigenvalue $\mu=0$ :
where the differential operator $L$ is defined by $L\psi$ $:=-\psi''-f_{y}(\lambda, x, u)\psi$ , and $f_{y}(\lambda, x, y)$ denotes the derivative of $f$ with respect to $y$ . More precisely, if $\mu=0$ is not an eigenvalue of (1.2) , by the implicit function theorem, there exists a unique solution curve around $(\lambda, u)$ , and it is parametrized by A. Such a solution curve is called a regular branch. On regular branches the usual procedure of numerical verification of solutions of (1.1) can be applied.
However, during the solution branch following, the usual procedure may become divergent when we get closer to a $\iota turning$ point: the number of iteration becomes bigger or smaller mesh size may be needed. Moreover, at a turning point, our theory cannot be applied, and we have to find a new theory of numerical verification.
Our goal is to overcome this difficulty and establish a new procedure for numerical In the last section a numerical examples is given.
2. Parametrized NBVP.
As is stated in Section 1, we consider the twxpoint boundary value problem (2.1) 
for $\psi,$ $v\in H_{0^{1}}$ , an $d\eta\in \mathbb{R}$ . $\triangleleft$ By the theory due to Fink and Rheinboldt [R] , we have the following fact (also see for any $f\in L^{2}$ . Note that in this case the constant $C_{1}$ is easily determined. That is, $C_{1}$ is available in numerical verification procedures.
where $\gamma\in \mathbb{R}$ is given. Note that, since $F(\lambda, u)\in L^{2}$ for any
As in [TB1, 2] , the equation (2.1) is rewritten as
defined by (2.7), the equation (2.8) can be written as a fixed point problem:
That is, a solution [TB1, Remark8.3] ).
In Section 6, we present a verification procedure which verifies that the selection of the nodal point $x_{0}$ is correct: for the basis If (4.7) holds for some $\epsilon$ , it also holds for $\epsilon_{0}$ such that $|\epsilon-\epsilon_{0}|$ is sufficiently small. Hence, we may assume without loss of generality that $-\epsilon$ is not an eigenvalue of $[I-DG^{h}]_{h}^{-1}P_{h}$ .
Therefore, from (4.9), we conclude that there esists $(\lambda, u)\in U$ such that $(\lambda, u)=G(\lambda, u)$ . We define the following iteration:
Definition 5.1. Let $(\lambda_{h}, u_{h})\in\Lambda\cross S_{h}$ be the fini $te$ elemen $t$ solution defined by (3.3).
(1) We set $\triangle(\lambda_{h}^{0}, u_{h}^{0})$ $:=\{(\lambda_{h}, u_{h})\}$ and $\alpha_{0}$ $:=0$ as the
(2) For $n\geq 1$ , we define $U^{n-1}CR\cross H_{0^{1}},$ $\triangle(\lambda_{h}^{n}, u_{h}^{n})\subset \mathbb{R}\cross S_{h}$ , and We try to verify the solution of (6.1) and (6.2) in the exactly same way as before:
( 
